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de Rham complex

de Rham complex

curl

0 — HY(Q) 224 H(curl) <% H(div) 2% L2(Q) — 0

Whitney form

7
i RT

cop, Py
The DOFs of these finite element spaces are

o CPy: v(z) for each vertex z € V;

o Nd: [ v-t, for each edge e € &;

o RT: ffv-nf for each face f € F;

o C7'Py: [} v for each element K € Tj,.
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Distribution

A distribution T : C2°(2) — R is continuous linear functional. We write its
action as:

(T, v).
The derivative T" of a distribution T is defined by

(T vy = —(T, ).

Every locally integrable function f € LL () defines a distribution via:

loc

(fiv) Z/Qf(x)v(a:)dx.

For each simplex o, we define the distribution §, as

(05.0) :/U’U.

Particularly, for each vertex z € V, (d,,v) = v(x).
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Distributional de Rham complex

Consider distributional elements
0—)0073 grad grad, \rq vl curl RT_l div o Q,PO 0

Here
RT ' :={vel?:v|x e RT(K)}

and any g € C~2?Py is distribution such that for any v € C°(Q)

= / qu+Z/qfv

KeT

with gk, qr € R. Then any ¢ € C~2P, can be represented as

g= Y axdx+)_ asb;.

KeTn fe]i‘
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Here div : RT " — C 2P, is distributional derivative such that for any
v e CF(Q)

(div o,v) = —(o,grad v) = —/ o-gradv
Q

= Z (/KdivaKv— Z /f(UK'nf)U)

KeTy fCOK

Then for any o € RT !, ¢ = dive € C~2P, satisfies

qK:diVO'K, qf = — Z(0K~nf):[a~nf]f
fCOK

Here [v]¢ denotes the jump of v across the face of f.
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Exactness of distributional complex

0—)COP grad Nd curl RT_l div c- 27)0 0
Exactness:

e for any ¢ = ZKeTh qr 0K + Zfeﬁ qsds € C72Py, we first define
o' € RT ! such that for any

U}(nfz—%qf, VK € Ty, f C Of
Next choose 02 € RT such that divey = gx — divo. Then set

o=0'402eRT ! with
dive = gq.

o for any 0 € RT ', dive = 0 implies that
diveg =0, VK €Ty, [0-ngly =0, er]}

Then o € RT with dive = 0, hence o = curl u with some u € Nd.
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Other distributional complexes:
0 — COPy B2 Mgt 2 RT2 Y, 03Py 5 0

0— 0 tpy 24 £rg-2 2l g8 Y, omapy g
Here for any ¢ € C~4Py

= > / qu+Z/qfv+Z/qev+qu

KeTy feF

for any o € N'd—2

here o € Nd(K) and oy € Pi(f) @ny
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High order distributional complex

0— C Py = grad Nd? curl S RTES W, 1P, = 0
For any u € C~ P41 and v € [C°(Q)]?

(grad u, v) = —(u,dive) = f/ udivo
Q

Z/gradu v—Z/un v

KeTn fer

then gradu = 3,7 gradudx — 3 - ¢z ungdy € Nd,?
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For any 0 =3 e 0Kk + 3 ez 0pnydy with ox € Ndy(K) and
oy € Pra(f)

(curlo,v) = (o, curlv)

ok -curlv — /a ne-curlv
> | 3 [ oims

KeTn fer
= Z / UK-curlv—Z/afrotfv
KeTy, K fej:‘ f
= Z / curlog - v + Z /(curlfaf — (oK X ny)) v
KeTy K fejl‘ f
5 o
eeé €
Then
curlo = Z curlogdx + Z(curlf or—(ox xnyg))dy — Zafteée € RT;3
KeTy feFx ecé
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Whitney form

. - ’ - ' . ’
-1 PO

Py

Distributional de Rham complex is dual complex of Whitney form:

ngdy




Application

Poisson problem:
—Au=f, inQ, ulgo =0 on 9.
And let up, € Vi, := COP; be the finite element solution for linear elements
(Vup, Vo) = (f,vp) for all v, €V,

A posteriori error estimates: For any o € H(div) with dive + f = 0, there
holds that
IVu = Vup|[72 + [Vu = ol|72 = [[Vup — o7

Note that Vuy, ¢ H(div). Assume that f is piecewise constant, then possible
construction of ¢ is from mixed method: Find ¢ € RT with 4, € C~'Py such
that

(o,7h) + (Gp,divTy) =0, V1 € RT,

(le g, Uh) = _(f7 Uh)a V’Uh € C(_17)0'
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Equilibration: Consider 62 := o — Vu, € RT . The condition
o® + Vuy, € H(div) and div(c® + Vuy,) = —f are rewritten as

div O’IA( = —f, in each element K

[0® - ns]lf = —[Vuy -nglf, on each face f.
This is equivalent to
dive® = dive — divVu, = —(f + Auy),  in distribution.

If f is not piecewise constant, then let f be the L?-projection of f onto
piecewise constant functions. There holds the a posteriori error estimate

collo®llze = chl|f = fllzz < |Vu— Vup|zz < 0% 22 + chllf — fl 22
Similar results hold for the curl-curl equation: Find u € H(curl) such that

(u*curlu, curlv) = (j,v), Yo € H(curl).
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Regge-elasticity complex

Elasticity complex

3 df div

0— [HY(Q)P 25 H(ine;S) 2% H(div;S) 2% [L2(Q)]* — 0

Here def = sym V (deformation operator), inc = curl” curl (incompatibility
operator).

Regge-elasticity complex

L= 9= 5= /Y

[coP? Regge Regge* ([COPy]3)

Regge := {0 € L*(Q;S) : 0|k € Py(K;S),tL ot is continuous on each edge e}
Regge* = span{t.t1d.}
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For any o € Regge, it can be shown that curl” curlo € Regge™: For any
matrix function 7, 7 X n, curl T acts row-wise, n X T, curl” 7 acts columnwise,
then for any symmetric smooth field v € C°(£;S)

(curl” curl o, v) = (o, curl curl” v) = Z / o - curlcurl” v
K

KeTn
= - (0 xny)-curl” v
K;hf;:K/f : !
= (nf x o) -curlv
= n o)]f - curlv = n o)ngslr- (curlv - n
};/f[(fx)]f ;/f[(fx)f]f( /)
=y > /([(nf X onglptl) v
feFecdfre

here we use that [ny x o x ng|y =0.
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Then
curl curlo = Z aemeteT

ec&
. . T . .
with some vector m.. Since curl” curl ¢ is symmetric, we can get that
curl” curlo = E aeteteTée
ecé

with

ac= Y ([nf.ongly)

eCOf




The generalized Regge elements Regge”

Regge” := {0 € L*(Q;S") : ok € P.(K;S"),K € T, tangetial-tangetial part oy

is continuous}

The DOFS are: for each k-face f with £ > 1,
Y= {/f Holls - qlg € Progr1(f3S%)}

Application

e Finite element approximations on manifolds (Curvature, Einstein tensor,
etc. )

e Continuum mechanics
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Tangential-Displacement and Normal-Normal-Str

Linear elasticity:

Ao =¢(u), dive=—f inQ

)

Here the vector field u is the unknown displacement with u|gq = 0, e(u) = %(Vu + (Vu)T)
is the strain, and o represents the symmetric stress tensor.

Primal mixed variational formulation: Find u € [H}()]¢ and o € L?(£2;S%) such that
/ AO"T*/ e(u)-7=0, Vr€ LQ(Q;Sd)
Q Q
~[ew o= [ fru wemi@)
Q Q

Dual mixed variational formulation: Find u € [L?(Q)]? and o € H(div,Q;S?%) such that

/Aa ‘r+/u divr =0, V7€ H(div,Q;S%)

/leO’ v=— /f v, Ve [L*(Q)
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The second line corresponds to the equilibrium equation
b(o,v) = (divov)yxy = (=f,0)y=xv, YWweV
For primal mixed formulation V = [H}(€2)]¢, and for dual mixed formulation
V= [L2(Q)]".
TDNNS: V = Hy(curl), the dual space is
H Y (div) = {g € H ', divge H'}
For a tensor field o, dive € H~!(div) is equivalent to o € ¥ = H(div div):
H(divdiv) := {0 € L*(Q;S%)|divdive € H~'}
The TDNNS mixed formulationis: Find v € Hy(curl) and o € ¥ such that
a(o,7)+b(r,u) =0, Vrex,
b(o,v) = —(f,v), Vv € Hy(curl)

with a(o,7) = [, Ao - T and

b(o,r): /leT v — Z Tt * vt

KeTy fCOK
ZZ(—/T'{:‘(’U)—FZTnn'Un)
KeT, K fCoK
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Other distributional elements

TDNNS method:
Y = {o € L*(Q;S) : 0|k € Pp(%;S), normal-normal part o, is continuous}
is a nonconforming element of
H(divdiv) := {u € L* divdivu € H '}
MCS method:

Wy = {w e L*(Q;T) : w|g € P.(K;T), tangential-normal part wy,

is continuous}

is a nonconforming element of

H(curldiv) := {u € L? curldivu € H'}
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yhedral Mesh

@ Mesh generation and adaptation: local mesh adaptation requires special
strategies to either prevent or treat hanging nodes.

@ Other reasons: non-matching grids, anisotropic mesh;

o Existing methods: Conforming finite elements(based on generalized
barycentric coordinates), Virtual element methods(VEM), Discrete de
Rham complex (DDR), Spline complex, ...
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ngular mesh

Tensor product:

Py (z) Q11(z,y) Qi1.1(z,y,2)
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de Rham comp

Q- A" (3D): k=0 k=1 k=2 E=3

Figure: Tensor product de Rham complex, ARNOLD, DOUGLAS N., DANIELE
BOFFI, and FRANCESCA BONIZZONI. ”Tensor product finite element differential
forms and their approximation properties.” arXiv preprint arXiv:1212.6559 (2012).




k=0 SiA°

k=1 SiAL

k=2 S1A?

k=3  SA% S,A3

SoA? % S3A? t Q
; S3A3 é

Figure: (Serendipity) de Rham complex, Arnold, Douglas, and Gerard Awanou.
”Finite element differential forms on cubical meshes.” Mathematics of computation
83.288 (2014): 1551-1570.
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TDNNS on prism

Set Q = Q, x Q,, let 7% be a shape-regular triangulation of 2, let 7% be a
subdivision of §2,, the tensor product mesh

T:T:I: XTZ:{T:TQ‘: XTZ,TE GTE7TZ GTZ}
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Define following finite element spaces on 1
Lh = {we PE(T™) : w continuous }
NF¥ = {ce [P¥(T™)]?: w; continuous }
Sk = {0 € [PY(T*)252 : 0nn continuous }
Ph= PE(T™)

Continuous and non-continuous finite element spaces on €2, :
LV = %% = {w e PF(T#) : w continuous }
PE= Nt = PHT)

Tensor product finite element spaces

Vi ={v € [L*()] :ve € NF x LEF v, € L x NF v, =00on T'p}

Sk ={0 € L2,,(Q) : 05 € SE x PFM 04, € P x PE,

o, € PHHLx oM 6, =00nT,}
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For any v € V, and 0 € 3,

| v o Ox Ogz
v = , o=
]l ]
Then v; and oy, is continuous. The discrete problem is to find: v € Vi,

o € ¥ such that

a(o,7) +b(T,u) =0, V1€,
blo,v) = —=(f,v), Vv € V.

Tensor product Regge elements: for any

_ | Re Ray
=l

we want R;; to be continuous, then

R, € Pyt x Ly?, Ry € L3® X Py*, Ry € Py° x Py°,
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