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de Rham complex

de Rham complex

0 −→ H1(Ω)
grad−−−→ H(curl)

curl−−→ H(div)
div−−→ L2(Ω) −→ 0

Whitney form

C0P1

grad

Nd

curl

RT

div

C−1P0

The DOFs of these finite element spaces are

C0P1: v(x) for each vertex x ∈ V;
Nd:

´
e
v · te for each edge e ∈ E ;

RT :
´
f
v · nf for each face f ∈ F ;

C−1P0:
´
K
v for each element K ∈ Th.
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Distribution

A distribution T : C∞
c (Ω) → R is continuous linear functional. We write its

action as:
⟨T, v⟩.

The derivative T ′ of a distribution T is defined by

⟨T ′, v⟩ = −⟨T, v′⟩.

Every locally integrable function f ∈ L1
loc(Ω) defines a distribution via:

⟨f, v⟩ =
ˆ
Ω

f(x)v(x)dx.

For each simplex σ, we define the distribution δσ as

⟨δσ.v⟩ =
ˆ
σ

v.

Particularly, for each vertex x ∈ V, ⟨δx, v⟩ = v(x).
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Distributional de Rham complex

Consider distributional elements

0 −→ C0P1
grad−−−→ Nd

curl−−→ RT −1 div−−→ C−2P0 −→ 0

Here
RT −1 := {v ∈ L2 : v|K ∈ RT (K)}

and any q ∈ C−2P0 is distribution such that for any v ∈ C∞
c (Ω)

⟨q, v⟩ =
∑

K∈Th

ˆ
K

qKv +
∑
f∈F̊

ˆ
f

qfv

with qK , qf ∈ R. Then any q ∈ C−2P0 can be represented as

q =
∑

K∈Th

qKδK +
∑
f∈F̊

qfδf .
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Here div : RT −1 → C−2P0 is distributional derivative such that for any
v ∈ C∞

c (Ω)

⟨div σ, v⟩ = −⟨σ, grad v⟩ = −
ˆ
Ω

σ · grad v

=
∑

K∈Th

(

ˆ
K

div σKv −
∑

f⊂∂K

ˆ
f

(σK · nf )v)

Then for any σ ∈ RT −1, q = div σ ∈ C−2P0 satisfies

qK = div σK , qf = −
∑

f⊂∂K

(σK · nf ) = [σ · nf ]f

Here [v]f denotes the jump of v across the face of f .
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Exactness of distributional complex

0 −→ C0P1
grad−−−→ Nd

curl−−→ RT −1 div−−→ C−2P0 −→ 0

Exactness:

for any q =
∑

K∈Th
qKδK +

∑
f∈F̊ qfδf ∈ C−2P0, we first define

σ1 ∈ RT −1 such that for any

σ1
K · nf = − 1

2qf , ∀K ∈ Th, f ⊂ ∂f

Next choose σ2 ∈ RT such that div σ2
K = qK − div σ1

K . Then set
σ = σ1 + σ2 ∈ RT −1 with

div σ = q.

for any σ ∈ RT −1, div σ = 0 implies that

div σK = 0, ∀K ∈ Th, [σ · nf ]f = 0, ∀f ∈ F̊

Then σ ∈ RT with div σ = 0, hence σ = curlu with some u ∈ Nd.
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Other distributional complexes:

0 −→ C0P1
grad−−−→ Nd−1 curl−−→ RT −2 div−−→ C−3P0 −→ 0

0 −→ C−1P1
grad−−−→ Nd−2 curl−−→ RT −3 div−−→ C−4P0 −→ 0

Here for any q ∈ C−4P0

⟨q, v⟩ =
∑

K∈Th

ˆ
K

qKv +
∑
f∈F̊

ˆ
f

qfv +
∑
e∈E̊

ˆ
e

qev +
∑
x∈V̊

qev(x)

for any σ ∈ Nd−2

⟨σ, v⟩ =
∑

K∈Th

ˆ
K

σK · v +
∑
f∈F̊

ˆ
f

σf · v

here σK ∈ Nd(K) and σf ∈ P1(f)⊗ nf
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High order distributional complex

0 −→ C−1Pk+1
grad−−−→ Nd−2

k
curl−−→ RT −3

k
div−−→ C−4Pk −→ 0

For any u ∈ C−1Pk+1 and v ∈ [C∞
c (Ω)]3

⟨gradu, v⟩ = −⟨u,div v⟩ = −
ˆ
Ω

u div v

=
∑

K∈Th

ˆ
K

gradu · v −
∑
f∈F̊

ˆ
f

un · v

then gradu =
∑

K∈Th
graduδK −∑

f∈F̊ unfδf ∈ Nd−2
k
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For any σ =
∑

K∈Th
σKδK +

∑
f∈F̊ σfnfδf with σK ∈ Ndk(K) and

σf ∈ Pk+1(f)

⟨curlσ, v⟩ = ⟨σ, curl v⟩

=
∑

K∈Th

ˆ
K

σK · curl v −
∑
f∈F̊

ˆ
f

σfnf · curl v

=
∑

K∈Th

ˆ
K

σK · curl v −
∑
f∈F̊

ˆ
f

σf rotf v

=
∑

K∈Th

ˆ
K

curlσK · v +
∑
f∈F̊

ˆ
f

(curlf σf − (σK × nf )) · v

−
∑
e∈E̊

ˆ
e

σf te · v

Then

curlσ =
∑

K∈Th

curlσKδK +
∑
f∈F̊

(curlf σf − (σK × nf ))δf −
∑
e∈E̊

σf teδe ∈ RT −3
k
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Whitney form

C0P1

grad

Nd

curl

RT

div

C−1P0

Distributional de Rham complex is dual complex of Whitney form:

δx

grad

teδe

curl

nfδf

div

δK
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Application

Poisson problem:

−∆u = f, in Ω, u|∂Ω = 0 on ∂Ω.

And let uh ∈ Vh := C0P1 be the finite element solution for linear elements

(∇uh,∇vh) = (f, vh) for all vh ∈ Vh

A posteriori error estimates: For any σ ∈ H(div) with div σ+ f = 0, there
holds that

∥∇u−∇uh∥2L2 + ∥∇u− σ∥2L2 = ∥∇uh − σ∥2L2

Note that ∇uh /∈ H(div). Assume that f is piecewise constant, then possible
construction of σ is from mixed method: Find σ ∈ RT with ûh ∈ C−1P0 such
that {

(σ, τh) + (ûh, div τh) = 0, ∀τh ∈ RT ,

(div σ, vh) = −(f, vh), ∀vh ∈ C−1P0.
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Equilibration: Consider σ∆ := σ −∇uh ∈ RT −1. The condition
σ∆ +∇uh ∈ H(div) and div(σ∆ +∇uh) = −f are rewritten as

div σ∆
K = −f, in each element K

[σ∆ · nf ]f = −[∇uh · nf ]f , on each face f.

This is equivalent to

div σ∆ = div σ − div∇uh = −(f +∆uh), in distribution.

If f is not piecewise constant, then let f̄ be the L2-projection of f onto
piecewise constant functions. There holds the a posteriori error estimate

c0∥σ∆∥L2 − ch∥f − f̄∥L2 ≤ ∥∇u−∇uh∥L2 ≤ ∥σ∆∥L2 + ch∥f − f̄∥L2 .

Similar results hold for the curl-curl equation: Find u ∈ H(curl) such that

(µ−1 curlu, curl v) = (j, v), ∀v ∈ H(curl).
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Regge-elasticity complex

Elasticity complex

0 −→ [H1(Ω)]3
def−−→ H(inc;S) inc−−→ H(div; S) div−−→ [L2(Ω)]3 −→ 0

Here def = sym∇ (deformation operator), inc = curlT curl (incompatibility
operator).

Regge-elasticity complex

[C0P1]
3

def

Regge

inc

Regge∗

div

([C0P1]
3)∗

Regge := {σ ∈ L2(Ω; S) : σ|K ∈ P0(K;S), tTe σte is continuous on each edge e}
Regge∗ = span{tetTe δe}
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For any σ ∈ Regge, it can be shown that curlT curlσ ∈ Regge∗: For any
matrix function τ , τ × n, curl τ acts row-wise, n× τ, curlT τ acts columnwise,
then for any symmetric smooth field v ∈ C∞

c (Ω; S)

⟨curlT curlσ, v⟩ = ⟨σ, curl curlT v⟩ =
∑

K∈Th

ˆ
K

σ · curl curlT v

= −
∑

K∈Th

∑
f⊂∂K

ˆ
f

(σ × nf ) · curlT v

=
∑

K∈Th

∑
f⊂∂K

ˆ
f

(nf × σ) · curl v

=
∑
f∈F̊

ˆ
f

[(nf × σ)]f · curl v =
∑
f∈F̊

ˆ
f

[(nf × σ)nf ]f · (curl v · nf )

=
∑
f∈F̊

∑
e⊂∂f

ˆ
e

([(nf × σ)nf ]f t
T
e ) · v

here we use that [nf × σ × nf ]f = 0.
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Then
curlT curlσ =

∑
e∈E̊

aemet
T
e

with some vector me. Since curlT curlσ is symmetric, we can get that

curlT curlσ =
∑
e∈E̊

aetet
T
e δe

with
ae =

∑
e⊂∂f

([nT
f,eσnf ]f )
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The generalized Regge elements Regger

Regger := {σ ∈ L2(Ω; Sn) : σK ∈ Pr(K;Sn),K ∈ Tn, tangetial-tangetial part σtt

is continuous}

The DOFS are: for each k-face f with k ≥ 1,

Σf := {
ˆ
f

ΠfσΠf · q|q ∈ Pr−k+1(f ;Sk)}

Application

Finite element approximations on manifolds (Curvature, Einstein tensor,
etc. )

Continuum mechanics
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Tangential-Displacement and Normal-Normal-Stress

Linear elasticity:

Aσ = ε(u), div σ = −f in Ω,

Here the vector field u is the unknown displacement with u|∂Ω = 0, ε(u) = 1
2
(∇u+ (∇u)T )

is the strain, and σ represents the symmetric stress tensor.

Primal mixed variational formulation: Find u ∈ [H1
0 (Ω)]d and σ ∈ L2(Ω; Sd) such that

ˆ
Ω
Aσ · τ −

ˆ
Ω
ε(u) · τ = 0, ∀τ ∈ L2(Ω; Sd)

−
ˆ
Ω
ε(v) · σ = −

ˆ
Ω
f · v, ∀v ∈ [H1

0 (Ω)]d

Dual mixed variational formulation: Find u ∈ [L2(Ω)]d and σ ∈ H(div,Ω; Sd) such that
ˆ
Ω
Aσ · τ +

ˆ
Ω
u · div τ = 0, ∀τ ∈ H(div,Ω; Sd)

ˆ
Ω
div σ · v = −

ˆ
Ω
f · v, ∀v ∈ [L2(Ω)]d
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The second line corresponds to the equilibrium equation

b(σ, v) = ⟨div σ,v⟩V ∗×V = ⟨−f, v⟩V ∗×V , ∀v ∈ V

For primal mixed formulation V = [H1
0 (Ω)]

d, and for dual mixed formulation
V = [L2(Ω)]d.

TDNNS: V = H0(curl), the dual space is

H−1(div) = {q ∈ H−1, div q ∈ H−1}
For a tensor field σ, div σ ∈ H−1(div) is equivalent to σ ∈ Σ = H(div div):

H(div div) := {σ ∈ L2(Ω; Sd)| div div σ ∈ H−1}
The TDNNS mixed formulationis: Find u ∈ H0(curl) and σ ∈ Σ such that

a(σ, τ) + b(τ, u) = 0, ∀τ ∈ Σ,

b(σ, v) = −⟨f, v⟩, ∀v ∈ H0(curl)

with a(σ, τ) =
´
Ω
Aσ · τ and

b(σ, τ) =
∑

K∈Th

(ˆ
K

div τ · v −
∑

f⊂∂K

τnt · vt
)

=
∑

K∈Th

(
−
ˆ
K

τ · ε(v) +
∑

f⊂∂K

τnn · vn
)
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Other distributional elements

TDNNS method:

Σh := {σ ∈ L2(Ω; S) : σ|K ∈ Pk(Ω; S), normal-normal part σnn is continuous}

is a nonconforming element of

H(div div) := {u ∈ L2, div div u ∈ H−1}

MCS method:

Wh := {w ∈ L2(Ω;T) : w|K ∈ Pk(K;T), tangential-normal part wtn

is continuous}

is a nonconforming element of

H(curl div) := {u ∈ L2, curl div u ∈ H−1}
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Polyhedral Mesh

Mesh generation and adaptation: local mesh adaptation requires special
strategies to either prevent or treat hanging nodes.

Other reasons: non-matching grids, anisotropic mesh;

Existing methods: Conforming finite elements(based on generalized
barycentric coordinates), Virtual element methods(VEM), Discrete de
Rham complex (DDR), Spline complex, ...
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Rectangular mesh

Tensor product:

P1(x) Q1,1(x, y) Q1,1,1(x, y, z)
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de Rham complex

Figure: Tensor product de Rham complex, ARNOLD, DOUGLAS N., DANIELE
BOFFI, and FRANCESCA BONIZZONI. ”Tensor product finite element differential
forms and their approximation properties.” arXiv preprint arXiv:1212.6559 (2012).
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Figure: (Serendipity) de Rham complex, Arnold, Douglas, and Gerard Awanou.
”Finite element differential forms on cubical meshes.” Mathematics of computation
83.288 (2014): 1551-1570.
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TDNNS on prism

Set Ω = Ωx × Ωz, let T x be a shape-regular triangulation of Ωx, let T z be a
subdivision of Ωz, the tensor product mesh

T = T x × T z = {T = Tx × T z, Tx ∈ T x, T z ∈ T z}
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Define following finite element spaces on Ωx

Lk
x = {w ∈ P k

x(T x) : w continuous }
N k

x = {c ∈ [P k
x(T x)]2 : wt continuous }

Σk
x = {σ ∈ [P k

x(T x)]2×2
sym : σnn continuous }

Pk
x = P k

x(T x)

Continuous and non-continuous finite element spaces on Ωz:

Lk
z = Σk

z = {w ∈ P k
z (T z) : w continuous }

Pk
z = N k

z = P k
z (T z)

Tensor product finite element spaces

Vk = {v ∈ [L2(Ω)]3 : vx ∈ N k
x × Lk+1

z , vz ∈ Lk+1
x ×N k

z , vt = 0 on ΓD}

Σk = {σ ∈ L2
sym(Ω) : σx ∈ Σk

x × Pk+1
z , σxz ∈ Pk

x × Pk
z ,

σz ∈ Pk+1
x × Σk+1

z , σnn = 0 on Γn}
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For any v ∈ Vk and σ ∈ Σk

v =

[
vx
vz

]
, σ =

[
σx σxz

σxz σz

]
Then vt and σnn is continuous. The discrete problem is to find: v ∈ VK ,
σ ∈ Σk such that

a(σ, τ) + b(τ, u) = 0, ∀τ ∈ Σk,

b(σ, v) = −⟨f, v⟩, ∀v ∈ Vk.

Tensor product Regge elements: for any

R =

[
Rx Rxy

Rxy Ry

]
we want Rtt to be continuous, then

Rx ∈ Pk1
x × Lk2

y , Ry ∈ Lk3
x × Pk4

y , Rxy ∈ Pk5
x × Pk6

y ,
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